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Abstract 
The issue of mesh-dependence emerges when the conventional continuum damage model is applied to handling the sof-
tening behavior. In order to circumvent the mesh-dependence, the non-local theory is introduced into the conventional dam-
age model and the finite element formulas are derived for two-dimensional gradient-enhanced damage model. A new element 
is proposed in which the basic unknown quantities are displacement, non-local equivalent strain and the gradient of non-local 
equivalent strain. The element and constitutive equation proposed in this article are added to the finite element software 
ABAQUS through user subroutine UEL. Numerical results show that the gradient-enhanced damage model can eliminate the 
mesh-dependence and is effective for dealing with the issue of softening behavior. 
Keywords: non-local theory; gradient dependence; softening behavior; mesh-dependence; Hermitian element; finite element 
method 
1. Introduction1
Softening behavior is a common phenomenon in 
the field of aerospace structure design. For example, 
the laminated composites damage due to bird impacts 
on airplane falls into this case. The development of 
softening is controlled by the variation and interac-
tion of microstructure. Consequently, the scale of 
microstructure plays an important role in forming the 
scale of damage zone[1]. In the conventional contin-
uum damage model, softening behavior can cause 
local loss of ellipticity of the differential equations 
when the scale of observation is close to the scale of 
microstructure. The mathematical description be-
comes ill-posed and the numerical solutions are de-
pendent on mesh size. T. Drabek, et al.[2] and N. 
Germain, et al.[3] analyzed composites damage by 
coupling non-local theory with damage mechanics, 
which overcame the difficulty of mesh-dependence. 
The success of this research laid a theoretical founda-
tion for the structural design of astronautical and 
aeronautical fields. Therefore, it is necessary to con-
duct in-depth studies.  
Aiming at the issue of mesh-dependence, several 
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regularization methods have been proposed, such as 
Cosserat model[4], integral model[5-7] and gradient 
model[8-10], to remedy the constitutive equation. From 
the standpoint of computation, the gradient model 
has been proved to be simpler and more convenient. 
Therefore, in this article the gradient model is 
adopted to solve the problem of mesh-dependence 
for materials with softening behavior. The gradi-
ent-dependent plastic model proposed by E. C. Ai-
fantis[8] is a simpler gradient model. The Laplacian of 
non-local plastic strain pH  describes the dislocation 
in the finite and small neighborhood of considered 
point and the parameter c denotes localization char-
acter. The model is widely applied to practice be-
cause of its practicality and effectiveness. R. de Borst, 
et al.[9] coupled the gradient-dependent plastic model 
proposed by Aifantis with conventional damage con-
stitutive model and formulated gradient-dependent 
plastic damage model and applied it to analyzing the 
plastic damage of concrete. P. H. J. Peerlings, et al.[10] 
developed the gradient-dependent damage model. 
Aiming at quasi-brittle material, the implicit gradi-
ent-dependent damage model was derived further 
based on integral model and the finite element for-
mulations were derived using weighted residual 
method.  
The analytic solutions of governing equations are 
difficult to be obtained although the gradi-
ent-dependent damage model is more convenient for 
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computation. Consequently, it is necessary to inves-
tigate the numerical methods. J. Petera, et al. [11] pro-
posed C1 continuous Hermitian element and proved 
that the second-order mixed derivative of the degree 
of freedom is invariable when it is transformed from 
local coordinate system to global coordinate system. 
Due to the implementation of the Laplacian term of 
plastic strain in the gradient-dependent plastic dam-
age model, J. D. Robert[12] chose Hermitian element 
to discretize the continuous body and deduced the 
finite element formulations of governing equations. 
He compiled the user subroutine UEL and 
incorporated UEL into ABAQUS. Numerical results 
showed that the gradient-dependent plastic damage 
model overcame the difficulty of mesh-dependence.  
In this article, two-dimensional gradient damage 
model is derived for the softening behavior of mate-
rials. The finite element formulations of the model 
are derived based on weighted residual method. A 
new element M. 2D. 4 is proposed to make the con-
tinuous body be discrete and compiled by UEL. The 
softening problem is analyzed by using the method 
proposed in this article. Numerical results show that 
the mesh-dependence is removed. Additionally, the 
effects of different characteristic lengths on the dis-
tribution of strain localization are discussed. 
2. Method of Conventional Continuum Damage 
Mechanics
2.1.Two-dimensional damage constitutive equation 
The viscous, thermal or other non-mechanical ef-
fects are not taken into account and strain and rota-
tion are assumed to be small. The damage is consid-
ered to be isotropic, thus a scalar quantity, the dam-
age variable 0 Ȧ 1, suffices to describe the damage 
process. The undamaged material is characterized by 
Ȧ=0, while Ȧ=1 corresponds to the complete loss of 
material coherence. Utilizing the concept of effective 
stress and the hypothesis of strain equivalence, leads 
to the stress-strain relation 
(1 )Z V HD               (1) 
where Ȧ is damage variable and denotes the area 
density of micro-defects of material, İ second-order 
strain tensor, ı second-order Cauchy stress tensor,  
and D fourth-order elasticity tensor. 
2. 2.  Definition of equivalent strain 
The scalar quantity of equivalent strain H  can 
substitute for the strain tensor. The strain components 
multiplied by different weighted coefficients which 
weight the different functions of these components 
during damage evolution.  
There are a lot of definitions of equivalent 
strain[13-14] and the adopted equivalent strain expres-
sion in this article is[15] 
2 2 2
1 2 1 22 ( ) / 3H H H H H            (2) 
where İ1 and İ2 are strains along x and y directions. 
2. 3.  Model of damage evolution 
The damage state is governed by the scalar history 
parameter k, which represents the most severe de-
formation the material experienced. The loading 
function f is used to judge whether the damage is 
extended. 
( ,  )f k kH H               (3) 
where f < 0 denotes that the damage is not extended,  
and f = 0 represents that the damage is extended. The 
relationship between f and the rate of k
<
 suffices to 
Kuhn-Tucker loading-unloading condition: 
 
0,   0,   0k f f kt d  < <             (4) 
The damage occurs if the equivalent strain is larger 
than the damage threshold. The increment of damage 
is described by bilinear damage evolution model[16] 
which is shown in Fig.1. The relationship between 
damage variable Ȧ and accumulated damage strain k 
is 
c i
i c
c i
c
-
    
( )
1                   
k k k k k k
k k kk
k k
Z
­  d°  ®° !¯
       (5) 
where ki is damage threshold, kc the critical value of 
complete loss of material coherence, and k is equal to 
H  when damage occurs. 
 
Fig.1  Bilinear damage evolution relationship. 
2. 4.  Example 
The experiment shown in Ref. [17] is simulated 
and the relationship between stress and strain shown 
in Fig.1 is adopted to simplify the simulation. The 
geometry model of the specimen is shown in Fig.2.  
The length of the specimen is 100 mm and the width 
is 50 mm. The specimen is subjected to a pure com-
pressive loading with prescribed displacement 
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ǻL=0.05 mm at both ends. The constitutive behavior 
is described by the elastic modulus E=18 GPa, Pois-
son ratio ȣ=0.209, and the initial threshold value of 
the material ki=0.004 35.  The value of ki is set be-
ing equal to 0.004 for the middle shadow area in or-
der to trigger the localization. 
 
Fig.2  Geometry model of specimen. 
In Fig.3, the equivalent strain distributions have 
been plotted as computed with 50×100 and 25×50 
element meshes by ABAQUS. The results show that 
the material failure is directly correlated with the 
element size. The main reason for this phenomenon 
is that the conventional damage constitutive model 
neglects the effects of higher-order terms on stress 
and strain. Actually, there is larger strain gradient in 
localization zone. It will lead to mesh-dependence of 
the simulation if the higher-order strains are ne-
glected. 
 
Fig.3  Distribution of strain of conventional continuum 
damage model. 
3.  Method of Non-local Theory 
3. 1.  Non-local damage model 
From the study of softening behavior, it is clear 
that the stress or strain state of a point is influenced 
by its neighbourhood, that is, deformations are gen-
erally non-local. As suggested by Z. P. Bazant, et 
al.[5], the value of non-local equivalent strain H  of x 
for a certain material is a weighted average of the 
local strain over the surrounding area: 
1( ) ( : ) ( )d
( : )
x x
x :
H D HD c c c ³ x xx :      (6) 
where Į(xƍ: x) is weight function and xƍ denotes the 
relative position vector of the infinitesimal area 
dȍǂ. 
Based on the method of gradient damage model 
proposed by P. H. J. Peerlings, et al.[10], the equiva-
lent strain is expanded into Taylor series and substi-
tuted into Eq.(6). Then, the relationship between 
non-local equivalent strain and equivalent strain is 
derived as 
2cH H H                  (7) 
where c is gradient parameter, and  2 denotes 
Laplacian operator. 
The additional boundary conditions are required 
because the model includes the Laplacian term of 
non-local equivalent strain. From the mathematical 
point of view, it is necessary to specify the H  for 
every boundary point of the considered configuration. 
In order to avoid the singularity of stiffness matrix, 
the following boundary conditions are adopted[12] 
 
 , 0H  r                 (8) 
 , 0H  rm                 (9) 
 
where r and m are normal and tangent unit vectors. 
3. 2.  Numerical solution of gradient damage model 
It is difficult to obtain the analytical solution for 
gradient model because of the existence of the Lapla-
cian term of non-local equivalent strain. Moreover, it 
cannot be directly solved by commercial finite 
element software. The element and constitutive 
model proposed in this article are incorporated into 
ABAQUS by compiling UEL[18]. The ABAQUS is 
used to solve the nonlinear equations.  
 (1) Degree of freedom and interpolating function 
of element 
The Laplacian term of non-local equivalent strain 
is introduced into the gradient damage model. In or-
der to ensure the continuity of non-local equivalent 
strain gradient, a new element M.2D.4 (see Fig. 4) is 
proposed, where ‘M’ indicates a multifield displace-
ment/non-local equivalent strain element, ‘2D’ indi-
cates a two-dimensional element, and the last number 
indicates the number of nodes. The element basically 
consists of two separate elements and the basic un-
known quantities are displacement, non-local 
equivalent strain and non-local equivalent strain gra-
dient. The C0 shape functions are used for the inter-
polation of displacements and coordinates, and the C1 
shape functions are used for the interpolation of 
non-local equivalent strain. 
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Fig.4  Two-dimensional element M.2D.4. 
 
The degrees of freedom for node n include dis-
placements un and vn, non-local equivalent strain 
 nH and non-local equivalent strain gradients n,xH , 
 n,yH  and  n,xyH . The degrees of freedom for 
four-node element with respect to the global coordi-
nates are defined as 
T
1 1 2 2 3 3 4 4[ ]x y x y x y x y c    (10) 
T
1 1 2 2 3 3 4 4[ ]u v u v u v u v a     (11) 
 1  1,  1,  1,
T
 4  4,  4,  4,
[
]
x y xy
x y xy
H H H H
H H H H
 e "
        (12) 
where c is a vector of nodal coordinates, a a vector of 
nodal displacements, and e  a vector of nodal 
non-local equivalent strains. 
The same shape functions are used to interpolate 
the coordinates of nodes and displacements. The re-
lationships are given as follows: 
x
y
ª º  « »¬ ¼x Nc              (13) 
u
v
ª º  « »¬ ¼u Na              (14) 
where N is the matrix of shape function, and 
 
1 2 3 4
1 2 3 4
0 0 0 0
0 0 0 0
N N N N
N N N N
ª º « »¬ ¼
N  (15) 
 
Additionally, Hermitian shape functions are used 
to interpolate non-local equivalent strain. The rela-
tionship is written as 
 
 
 
 
1
2
1 2 3 4
3
4
[ ]H
ª º« »« »  « »« »¬ ¼
e
e
H H H H he
e
e
      (16) 
where h is the shape function matrix of non-local 
equivalent strain and the sub-matrix Hn is written as 
, , ,[ ]n n n x n y n xyh h h h H          (17) 
In order to derive the Hermitian shape functions in 
Eq.(17), a local coordinate system as shown in 
Fig.4(b) is used. The vector of reference nodal coor-
dinates can be defined for the ȟ coordinates and the Ș 
coordinates as follows: 
T[ 1 1 1 1]n   [            (18) 
T[ 1 1 1 1]n   K            (19) 
Two-dimensional regular element M.2D.4 is 
adopted to discretize the continuous body and the 
degrees of freedom include displacement, non-local 
equivalent strain and non-local equivalent strain gra-
dient. In considering an individual element, the de-
rivative of degrees of freedom can be the derivative 
of the local coordinate system. However, for assuring 
the continuity between the elements, the derivatives 
must be the derivative of the global coordinate sys-
tem. 
The generalized non-local equivalent strain can be 
expressed as 
H  he                  (20) 
The matrix of Hermitian shape function and the set 
of degree of freedom are respectively defined as 
1 2 3 4[ ]=h H H H H             (21) 
T
1 2 3 4[ ]=        e e e e e          (22) 
where the sub-matrixes and the sub-vectors represent 
the shape functions and degrees of freedom at node n 
with respect to the local coordinate system and are 
written as 
, , ,[ ]n n n n nh h h h[ K [K H            (23) 
T
  ,  ,  ,[ ]n n n n ne e e e[ K [K  e       (24) 
To transform the shape functions to the global co-
ordinate system, we rewrite the local coordinate sys-
tem degrees of freedom, Eq.(22), in terms of the 
global coordinate system degrees of freedom, Eq. 
(16), through the use of the chain rule. For a given 
node n, we have 
 e Ke                 (25) 
where the transformation matrix K is defined as 
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1 0 0 0
0 0
0 0
0 0 0 1
x y
x y
[ [
K K
ª º« »w w« »w w« » « »w w« »« »w w« »¬ ¼
K           (26) 
The shape function matrix with respect to the 
global coordinate system is derived by Eq.(16), Eq. 
(20) and Eq.(25) . It can be written as 
n n H H K               (27) 
The components of the shape functions of dis-
placement and Hermitian with respect to the local 
configuration coordinate system are given as[10] 
, ,( ) ( )n n nN r r[ K[ K            (28) 
, ,( ) ( )n n nh f f[ K[ K             (29) 
, , ,( ) ( )n n nh g f[ [ K[ K            (30) 
, , ,( ) ( )n n nh f gK [ K[ K            (31) 
, , ,( ) ( )n n nh g g[K [ K[ K            (32) 
where, by introducing a variable s and taking s as 
either ȟ or Ș, these shape functions are then obtained 
through the following polynomials 
,
1 (1 )
2n s n
r s s               (33) 
3
,
1( ) [ (3 ) 2]
4n s n
f s s s s           (34) 
3 2
,
1( ) [ ]
4n s n n
g s s s s s s           (35) 
(2) Matrixes of strain and non-local equivalent 
strain gradient 
The derivation of strain matrix is not discussed. 
You can refer to Ref.[19] if you want to know it. In 
this article, we focus on the derivation of the matrix 
of non-local equivalent strain. For the two-dimen- 
sional model, the gradient reduces to the derivatives 
of the non-local equivalent strain with respect to the x 
direction and to the y direction, such that 
,
,
x
y
ª º  « »« »¬ ¼
 İİ peİ            (36) 
where the matrix of non-local equivalent strain p is 
expressed as 
1 2 3 4[ ]
x
y
wª º« »w« »  w« »« »w¬ ¼
h
p P P P Ph        (37) 
and the components of the matrix of non-local 
equivalent strain Pn are written as 
, , , , ,[ ]
n
n
n
n n x n y n xy n xx n yy
x
y
p p p p p p
wª º« »w« »  w« »« »w¬ ¼
H
P H
   (38) 
Using the chain rule, the gradient of non-local 
equivalent strain with respect to the local coordinate 
system is written as 
 ,  ,
 ,  ,
x x
y y
[ K
[ K
[ K
[ K
w wª º« »w w« » w w« »« »w w¬ ¼

İ İ
İ
İ İ
         (39) 
The inverse matrix of Jacobian matrix is written as 
x x
y y
[ K
[ K
w wª º« »w w« » w w« »« »w w¬ ¼
G            (40) 
According to Eq.(16), Eq.(39) and Eq.(40), we 
yield the gradient of non-local equivalent strain 
[
K
wª º« »w« » w« »« »w¬ ¼
h
İ G e
h
                 (41) 
The derivative of Hermitian shape functions with 
respect to the local coordinate system is given as 
1 2 3 4[ ]
[
K
ª ºw« »w« »  « »w« »w« »¬ ¼
h
p P P P P
h

             (42) 
where the sub-matrix at node n is written as 
, , ,[ ]
n
n n n n n
n
[ K [K
[
K
ª ºw« »w« »  « »w« »w« »¬ ¼
H
P p p p p
H

         (43) 
By transforming the shape function in Eq.(41) ac-
cording to Eq.(27). The shape function in Eq.(42) can 
be defined with respect to the global coordinate sys-
tem as  
n n
x x
y y
[ K
[ K
w wª º« »w w« » w w« »« »w w¬ ¼
P P K          (44) 
By taking the appropriate derivatives of the Her-
mitian shape functions in Eq.(29) to Eq.(32) with 
respect to the local coordinates ȟ and Ș, the compo-
nents of the matrix of Hermitian gradient shape func-
tions are written as 
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,
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( ) ( )
n n
n
n n
g g
g g
[[ K
[K [ KK
[ K
[ K
ª º « »¬ ¼
p        (48) 
where the gradient shape functions are written in 
terms of the following functions 
2
,
1( ) [ (3 3 )]
4n ss n
f s s s           (49) 
,
1( ) ( 6 )
4n sss n
f s s s            (50) 
2
,
1( ) (3 2 1)
4n ss n
g s s s s           (51) 
,
1( ) (6 2 )
4n sss n
g s s s           (52) 
(3) Finite element equation 
According to the weighted residual method, we 
obtain the following discretized equilibrium equation 
and the relationship between equivalent strain and 
non- local equivalent strain  
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T
1 1  
T T
1
(1 ) d į
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d d
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i i
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i S
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Consequently, the finite element formula of gradi-
ent damage model is written as 
int, 1ext1 1
 1 1 1  1
į
į
uuuu u
iii i
u n
ii i i i
H
H HH H HH
 
   
ª ºª ºª º ª º   « »« »« » « » « »« »« » ¬ ¼¬ ¼ ¬ ¼ ¬ ¼
fa fK K
eK K f K e
   (55) 
where i denotes load step and b is nodal load. 
(4) Example 
We adopt the example of Section 2.4 again to ver-
ify that the gradient damage model can overcome the 
difficulty of mesh-dependence. All the data used for 
this example, except the value of c, are unchanged. 
To examine the effect of gradient parameter varia-
tions on the response, the 3×11 elements simulation 
has been conducted for c = 0. 05 mm2, c = 0. 14 mm2 
and c = 1.00 mm2. The damage evolution Eq.(5) is 
still taken into account but the equivalent strain H  is 
replaced by the non-local equivalent strain H . The 
element stiffness matrix (AMATRX) and the element 
residual (RHS) of the governing equations derived in 
Section 3.2 are incorporated into ABAQUS by the 
user subroutine UEL. The flowchart of the simulation 
is shown in Fig.5. 
Characteristic length plays an important role in the 
simulation and will affect the computing results[20-21]. 
Characteristic length is related to gradient parameter. 
Therefore, the effects of different gradient parameters 
on the distribution of strain localization are analyzed 
first in this article. The distributions of non-local 
equivalent strain with different gradient parameters  
(c = 0.05 mm2, c = 0.14 mm2 and c = 1.00 mm2) are 
plotted in Fig.6. 
In order to highlight the distribution of strain in the 
localization area, only the strains within the range of 
[í25, 25] are plotted. It is observed that the large 
value of characteristic length (c =1.00 mm2) results in 
wider localization zone and the lower peak of 
non-local equivalent strain. It can be explained by the 
fact that more material points within the wider local-
ization zone contribute their residual load- carrying 
capacities to resist the further deformation. As re-
vealed by Fig.6 that within the frame of gradient 
damage, the strain distribution is controlled by the 
value of characteristic length during analyzing the 
softening behavior. 
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Fig.5  Computation flowchart of gradient damage model. 
 
Fig.6  Distributions of non-local equivalent strain for 
different gradient parameters c. 
Therefore, the characteristic length should be de-
termined first before simulation. Characteristic length 
is close to the maximum size of the heterogeneous 
body within material. It can be obtained by combin-
ing experiment with mesomechanics or by inverse 
method according to the observed localization 
width[22]. The latter method is adopted to obtain the 
characteristic length in this article. 
A formula[23] is adopted to estimate the localization 
width: 
2w r S                (56) 
where r denotes the characteristic length related to 
gradient parameter c[24], namely 
21
2
c r                (57) 
Y. S. Pan[17] determined the localization width 
(w=4.687 5 mm) of the specimen analyzed in Section 
2.4 by white light digital speckle correlation method. 
Then, based on Eqs.(56)-(57) , the gradient parameter 
c is equal to 0.14 mm2 when w is 4.687 5 mm. 
Therefore, based on the non-local damage model, this 
gradient parameter is used to analyze the damage of 
specimen under compression load. 
Fig.7 illustrates the widths of localization and the 
strain distributions along x axis for different element 
meshes (50×100 and 25×50). Based on the conven-
tional damage model, the distribution of strain ob-
tained by the finite element simulation is shown in 
Fig.7(a) whereas Fig.7(b) is the distribution of strain 
obtained by the non-local damage model simulation 
for the gradient parameter c of 0. 14 mm2. In order to 
highlight the distribution of strain in localization area, 
only the strains within the range of [í15, 15] are 
plotted. 
 
Fig.7  Contrast figure of distribution of strain localization. 
The localization widths are w1=2 mm for 50×100 
elements and w2= 4 mm for 25×50 elements in 
Fig.7(a). The error of the maximum equivalent strain 
is Ero=13.79% for two cases with different element 
meshes. Numerical results reveal that based on the 
conventional continuum damage mo-del, a strong 
mesh-dependence of strain distribution is obtained 
through the finite element simulation.  
In this article, coupling non-local theory with 
conventional damage model leads to gradient damage 
model. The distribution of non-local equivalent strain 
obtained through the gradient damage model is 
shown in Fig.7(b). The error of the maximum 
non-local equivalent strain for two cases of element 
meshes is 0.78%. Numerical results in Fig.7(b) dis-
play that by using gradient damage model the local-
ization width is independent of the finite element 
meshes, which coincides with Ref.[12].  
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Fig.7 reveals that the gradient damage model 
eliminates the mesh-dependence in simulating sof-
tening behavior. The strain and localization width 
within the weaken zone are unchanged when differ-
ent finite element meshes are chosen. 
4. Conclusions 
(1) The constitutive equation and the element pro-
posed in this article eliminate the mesh-dependence 
in simulating softening behavior. Stable localization 
width and strain can be obtained and provide reliable 
guarantee for structural design.  
(2) Based on the gradient damage model, the lo-
calization width obtained by simulation is close to 
that determined by the experiment described in ref-
erence, which verifies the correctness of the finite 
element method proposed in this article. Conse-
quently, the method can be used to analyze other sof-
tening behavior of brittle material.  
(3) Based on the non-local damage model, the 
characteristic length will affect the distribution of 
strain localization. In order to enhance the precision, 
it is necessary to determine the characteristic length 
by experiment. 
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